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1. Introduction

In 2013 Lellis Thivagar and Carmel Richard [4] had introduced nano closed
maps, nano open maps and nano homeomorphisms in nano topological spaces. In
2016 Bhuvaneswari. K and Ezhilarasi. A [1] introduced Nsg closed maps, Nsg
open maps in nano topological spaces. In 2017 Sathish Mohan. M, Rajendran.
V, Devika. A and Vani. R [8] introduced nano semi open maps and nano semi
closed maps in nano topological spaces. After that 2020 Mythili Gnanapriya. K
and Bhuvaneswari. K [5] introduced Nano g closed maps, Nano g open maps
in nano topological spaces. In 2020 Sulochana Devi. P and Bhuvaneswari. K
[9] defined Nano regular generalized closed maps in nano topological spaces. This
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paper, theoretically introduced and investigate a new class of functions called Nano
Weakly g# closed maps and Nano Weakly g# open maps in nano topological
spaces. The properties and relationship between other existing maps are derived
with suitable examples and some characterizations are discussed in details.

2. Preliminaries

Definition 2.1. Let U be a non-empty finite set of objects called the universe
and R be an equivalencerelation on U named as indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another
the pair (U, R) is said to be approximation space. Let X C U

1. The Lower approximation of X with respect to R is the set of all objects which
can be for certain classified as X with respect to R and it is denoted by Lr(X)

That is
= [ J{R() ) C X1,

zelU

where R(X) denotes the equivalence class determined by X
2. The Upper approzimation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ugr(X) that is

= U{R@): Rx)n X # ¢},

zelU

3. The boundary region of X with respect to R is the set of all objects, which can be
classified neither as X nor as not X with respect to R and it is denoted by Br(X).

Br(X) = Ur(X) — Lr(X)

Proposition 2.2. If (U, R) is an approzimation space and X,Y C U

1 LR(X) C X C UR(X)

3. R(X U Y) (X) UUR(Y)

4. Ur(X NY) C Ur(X) NUR(Y)

5. Lr(XUY) D Lr(X)U Lg(Y)

6. Lp(XNY) C Lr(X)N Lg((Y)

7. Lr(X) C Lr(Y) and Ur(X) C Ugr(Y) whenever X CY
8. Up(X*) = [Lr(X)]* and Lr(X*) = [Ur(X)]°

9. UgUn(X) = LpUn(X) = Up(X)

10. LrLp(X) = UrLgr(X) = Lr(X).

Definition 2.3. Let U be the universe, R be an equivalence relation on U and
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TrR(X) = {U, ®, Lr(X),Ur(X), Br(X)} where X C U. Then by Proposition (2.2)
Tr(X) satisfies the following axioms:

1. U and ¢ € (X)),

2. The union of elements of any sub collection of Tr(X) is in Tr(X),

3. The intersection of the elements of any finite sub collection of Tr(X) is in
TrR(X). Tr(X) is a topology on U called the Nano topology on U with respect to X .
We call (U, (X)) is the Nano topological space. The elements of Tr(X) are called
as Nano open sets and [Tr(X)]¢ is called as the dual Nano topology of Tr(X).

Remark 2.4. If 7p(X) is the Nano topology on U with respect to X then the set
B ={Ug(X), Lr(X), Br(X)} is the basis for Tr(X).

Definition 2.5. (U, 7x(X)) is a Nano Topological Space with respect to X and if
A CU, then

(i). The Nano interior of A is defined as the union of all Nano open subsets of A
and it is denoted by Nint(A), which is the largest Nano open subset of A.

(ii). The Nano closure of A is defined as the intersection of all Nano closed sets
containing A and it is denoted by Ncl(A), which is the smallest Nano closed set
containing A.

Definition 2.6. [4] A map f : (U, (X)) — (V.75 (Y)) is said to be Nano
closed map if the image of every nano closed set in (U, Tr(X)) is nano closed set
in (V, 7 (V).

Definition 2.7. [4] A map f : (U,7r(X)) = (V.7 (Y)) is said to be Nano
open map if the image of every nano open set in (U, Tr(X)) is nano open set in
(V.7 (Y)).

3. Nano Weakly g# Closed Maps in Nano Topological Spaces

Definition 3.1. Let (U,7r(X)) and (V, 75 (Y)) be two nano topological spaces.
A map f: (Utp(X)) = (V. (Y)) is said to be Nano Weakly g# closed map
(NW g# closed map) if the image of every Nano closed set in (U, r(X)) is NW g#
closed in (V, 7 (Y)) .

Example 3.2. Let U = {a,b,c,d} with U/R = {{a},{c},{b,d}} and X =
{a,b} then the nano topology 7r(X) = {U,®,{a},{b,d},{a,b,d}}. The Nano
closed sets are 7ge(X) = {U,®,{b,c,d},{a,c}{c}}. Let V = {x,y,2z,w} with
V/R = {{z},{y},{z,w}} and Y = {z,z} then the Nano topology 7 (Y) =
{V,®,{z},{z,w},{x,z,w}} the nano closed sets are TCr(y) = {®,V,{y, z,w},
{z,y},{y}}. Define f: (U, 7r(X)) = (Vimp(Y)) by f(a) = w, f(b) = 2, f(c) =
y, f(d) = x. Consider the nano closed sets of (U,7g(X)) and their images are



428 South FEast Asian J. of Mathematics and Mathematical Sciences

fle) =Ay}, fla,¢) = {y,w}, f(b,c,d) = {x,y, z}. The image of every nano closed
set in (U, (X)) is NWg# closed in (n, 7y (Y')). Therefore the map f is NW g#
closed map.

Theorem 3.3. Every nano closed map 1s NW g# closed map but not conversely.
Proof. Let Let (U, 7r(X)) and (V, 74 (Y')) be two nano topological spaces and let
f (U, r(X)) = (V,7x(Y)) be a nano closed map. Every nano closed set A
n (U,7r(X)), f(A) is nano closed in (V, 7, (Y)). Since every nano closed set is
NW g# closed, f(A) is NWg# closed in (V, 74 (Y)) for every Nano closed set A
in (U, 7r(X)). Hence the map f is NWg# closed map.

The converse of the above theorem is not true as seen from the following
example.

Example 3.4. In example 3.2 define f : (U,7r(X)) — (V,7x(Y)) by f(a) =
w, f(b) = z, f(c) =y, f(d) = . The map f is NWg# closed map. Consider the
nano closed sets of (U, 7r(X)). Now f(a,c) = {y,w} and f(b,c,d) = {x,y, z} which
are not nano closed in (V, 75 (Y")). Hence f is not nano closed map.

Theorem 3.5. FEvery nano « closed map s NW g# closed map but not con-
versely.

Proof. Let (U, (X)) and (V,75(Y))) be two nano topological spaces and let
[ (U, mr(X)) = (V.7 (Y)) be a nano « closed map. Every nano closed set A in
(U, mr(X)), f(A) is nano « closed in (V, 7y (Y)). Since every nano « closed set is
NW g# closed , f(A) is NWg# closed in (V, 74 (Y)) for every nano closed set A
in (U, 7r(X)). Hence the map f is NW g# closed map.

The converse of the above theorem is not true as seen from the following
example.

Example 3.6. Let U = {a,b,c,d} with U/R = {{a},{c},{b,d}} and X =
{a,b} then the Nano topology Tr(X) = {U,®,{a},{b,d},{a,b,d}}. The nano
closed sets are Tre(X) = {U, ®,{b,c,d},{a,c},{c}}. The NWg# closed sets are
{U, ®,{b},{c}, {d},{b, ¢}, {c,d}, {a,c}, {a,b,c},{a,c,d},{b,c,d}}. Let V = {z,vy, 2,
w} with V/R = {{z},{y},{z,w}} and Y = {z,2} then the nano topology
TR/(Y) = {‘/v P, {x}’ {Zv U}}, {J], 2 w}} Now The ) {CI)7 % {yv 2, w}7 {ZL‘, y}7 {y}}
The NW g# closed sets are {V, @, {y},{z},{w}, {z, vy}, {y, 2}, {y, w} {z, vy, 2}, {y, 2,
wh, {z,y,w}}. The Nano a closed sets are {V,®,{y},{z,y},{y, 2, w}}. Define
[ U, (X)) = (Vi (Y)) by fa) = w, f(b) = 2, f(c) =y, f(d) = x. The
map f is NWg# closed map. Now f(a,c) = {y,w} and f(b,¢c,d) = {z,y, z} which
are not nano « closed set in (V, 7,/(Y')). Hence f is not nano « closed map.

Theorem 3.7. Every nano reqular closed map is NW g# closed map but not con-
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versely.

The proof is similar to the proof of theorem 3.5.

The converse of the above theorem is not true as seen from the following
example.

Example 3.8. In example 3.6 the map f is NW g# closed map. The nano regular
closed sets of (V, 75/ (Y)) are {z,y},{y, z, w}. Now f(c) = {y}, f(a,c) = {y,w} and
f(b,¢,d) = {z,y, 2} which are not nano regular closed set of (V, 75/(Y")). Hence the
map f is not Nano regular closed map.

Theorem 3.9. Fvery nano ag closed map is NW g# closed map but not con-
versely.

Proof. Let (U,7g(X)) and (V,74(Y)) be two nano topological spaces and let
f(Utr(X)) = (V,7x(Y)) be a nano ag closed map. Every nano closed set A
in (U, 7r(X)), f(A) is nano ag closed set in (V, 75/(Y)). Every nano ag closed set
is NW g# closed, f(A) is NWg# closed in (V, 75 (Y)) for every nano closed set A
in (U, 7r(X)). Hence the map f is NW g# closed map.

Example 3.10. Let U = {a, b, ¢, d} with U/R = {{a}, {c},{b,d}} and X = {a, b}
then the Nano topology 7r(X) = {U,®,{a}, {b,d},{a,b,d}}. The nano closed
sets are Tre(X) = {U,®,{b,c,d},{a,c}{c}}. Let V = {z,y,z,w} with V/R =
{{z},{#},{y, w}} and Y = {y, w} then the nano topology 74 (Y) = {V, ®,{y, w}}
the nano closed sets are 7pc(Y)) = {®,V,{z,2}}. The NWg# closed sets are
(V@ {a} {y}, {z}, {wh {z, u}. {y, 2} {2, wh {w, 2}, {z, w, {2, y, 23, {2, 2, wh {x,
y,w}, {y, z,w}}. Nano ag closed sets are {V, ®, {x},{z}, {z, v}, {v, 2}, {z, w}, {z, 2},
{ZE, w}v {CL’, Y, Z}7 {[E, 2 w}7 {ZL’, Ys w}7 {yv 2y w}} Define f : (Uv TR(X>) - (VE TR'(Y))
by f(a) =z, f(b) =y, f(c) = w, f(d) = z. The map f is NWg# closed map. Now
f(c) = {w} which is not nano ag closed sets of (V, 7, (Y)). Hence f is not Nano
ag closed map.

Theorem 3.11. Every nano ga closed map 1s NW g# closed map but not con-
versely.

The proof is similar to the proof of theorem 3.9.

The converse of the above theorem is not true as seen from the following
example.

Example 3.12. Let U = {a,b,c,d} with U/R = {{a}, {c},{b,d}} and X = {a,b}
then the Nano topology (X)) = {U,®,{a},{b,d},{a,b,d}}. The nano closed
sets are 7r(Y)) = {U, ®,{b,c,d},{a,c}, {c}}. Let V = {x,y,2,w} with V/R =
{{z},{z},{y,w}} and Y = {y, w} then the Nano topology 75/ (Y) = {V, ®, {y, w}}.
Twe(Y) = {®,V,{z,2}}. NWg# closed sets are {V,®, {z},{y},{z}, {w}, {z,y},
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{y, 2}, {7z, w}, {z, 2}, {z,w}, {x,y, 2}, {z, z,w}, {z,y,w}, {y, z,w}}. Nano ga closed
sets are {V, @, {z},{z},{z, z}}. Define f : (U,7r(X)) — (V.7 (Y)) by f(a) =
y, f(b) = w, f(c) =z, f(d) = z. The map f is NWg# closed map. Now f(a,c) =
{z,y} and f(b,c,d) = {z, z,w} are not nano ga closed sets of (V,7,(Y))). Hence
f is not nano ga closed map.

Theorem 3.13. Fuvery nano generalized closed map (Nano g closed map) is
NW g# closed map but not conversely.

Proof. Let (U,7g(X)) and (V, 75 (Y)) be two nano topological spaces and let
[ (Utr(X)) = (V.7 (Y)) be a nano generalized closed map. Thus every
nano closed set A in (U,,r (X)), f(A) is nano generalized closed set in (V, 75 (Y)).
Since every nano generalized closed set is NW g# closed, f(A) is NW g# closed in
(V, 7 (Y)) for every nano closed set A in (U, 7r(X)). Hence the map f is NW g#
closed map.

The converse of the above theorem is not true as seen from the following
example.

Example 3.14. In example 3.12 define f : (U, (X)) — (V,7x(Y)) by f(a) =
z, f(b) =w, f(c) =y, f(d) = x. The map f is NWg# closed map. NW g# closed
sets are {x},{y}, {2}, {w}, {x, 4y}, {y, 2}, {z, w}, {x, 2}, {w, w0}, {z,y, 2}, {2, z, w},
{z,y,w},{y, z, w}}. The nano generalized closed sets are {z}, {2}, {z, v}, {y, 2}, {,
whA{x, 2}, {z,w}, {z,y, 2}, {z, z,w}, {z,y,w}, {y, z,w}. Here f(c) = {y} which is
not nano generalized closed set of (V, 75(Y)). Hence the map f is not nano gener-
alized closed map in nano topological spaces.

Theorem 3.15. Let (U, (X)) and (V, 75 (Y)) be two nano topological spaces and
let f:(U,mr(X)) = (V.7 (Y)) then the following statements are true.

(i) Every NW g# closed map is Ngs closed map.

(ii) Every NW g# closed map is Nsg closed map.

(iii) Every NW g# closed map is Nano gsp closed map.

(iv) Every NW g# closed map is Nano [ closed map.

Proof. (i) Let (U, (X)) and (V, 75 (Y)) be two nano topological spaces and let
the map f : (U, 7r(X)) — (V, 75 (Y)) be a NW g# closed map. Every nano closed
set Ain (U, 7r(X)), f(A) is nano NW g# closed in (V, 75 (Y)). Since every NW g#
closed set is Ngs closed, f(A) is Ngs closed in (V, 75 (Y")) for every nano closed set
Ain (U,7r(X)). Hence the map fis Ngs closed map.

The proof of (ii) to (iv) are similar to proof of (i).

The converse of the above theorem is not true as seen from the following
example.
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Example 3.16. Let U = {a,b,c,d} with U/R = {{b}, {d},{a,c}} and X = {a, b}
then the nano topology 7r(X) = {U,®,{b},{a,c},{a,b,c}}. The nano closed
sets are 7re(X) = {®,U,{d},{b,d},{a,c,d}}. Let V = {z,y, 2, w} with V/R =
{{z},{w},{y, 2z} } and Y = {x, z} then the nano topology 7, (Y) = {V. ®,{z},{y, 2}
Az,y, 2t} and e (Y) = {®, V. {w},{z,w},{y, z,w}}. The NWg# closed sets
are {V, @, {y}, {2}, {w}, {z, v}, {y, w}, {2, w} {z, z,w} {z,y, w}, {y, 2, w}}. Nano
gs closed sets are {V,® {z}, {y}, {z}, {w}, {z,w}, {y, 2}, {z, w}, {y,w}, {z, z,w},
{z,y,w},{y, z,w}}. The Nano sg closed sets are {V, ®, {z},{y}, {2}, {w}, {z,w},
{y, z}, {z, w}, {y,w}, {z, z,w},{z,y,w}, {y, z,w}}. The Nano gsp closed sets are
(V@ {z} {y}, {z}, {w} {z, y}, {z, 2H{z, w}, {y, 2}, {7, w} {y, w}, {=z, 2,0}, {2, v,
w}, {y, z,w}}. The Nano g closed sets are {V, ®, {z}, {y}, {z},{w},{z, vy}, {z, 2},
{zr, w},{y, 2}, {z, w} {y,w} {z, 2, 0} {z,y, w} {y, 2, w}}.

Define f : (U, ma(X))) — (Ve (V) by fla) = w, f(B) = =, f(c) = , f(d) = .
The map f is Ngs closed map, Nsg closed map, Nano gsp closed map and Nano
B closed map. Now f(b,d) = {y, 2} which is not NW g#closed set in (V,75(Y)).
Hence the map f is not NW g# closed map.

Theorem 3.17. A map f: (U, 7r(X)) = (V.75 (Y)) is NWg# closed map if and
only if for each subset of V and for each nano open set G containing f~*(B) there
exists a NW g# open set F of V' such that B C F and f~'(F) C G.

Proof. Assume that f : (U, 7r(X))) = (V,7x(Y)) is NWg# closed map . By
definition 3.1 the image of every nano closed set in (U, 7r(X))) is NW g# closed in
(V.7 (Y)). Let G be a nano open subset of (U, 7zr(X))) and let B be a subset of
(V, 7 (Y)) such that f~'(B) C G. Since G is nano open in (U, 75(X))),U — G is
nano closed in (U, 7r(X))). Also f is NWg# closed function, f(U — G) is NW g#
closed in (V,75(Y)). Let F' =V — f(U — G) is NW g# open set containing B such
that f~'(F) C G.

Conversely assume that for each subset B of (V, 74 (Y)) and for each nano open
set G containing f~!(B) there exists a NWg# open set F of (V, 7 (Y)) such that
B C Fand f~'(F) C G. Let H be a nano closed subset of (U, 7g(X))). Now U — H
is nano open subset of (U, (X)) and f~(V — f(H)) C U — H. By assumption
there exists a NWg# open set F of (V.75 (Y)) such that V — f(H) C F and
f7HF) CU—H implies H CU — f~/(F) and V —F C f(H) C f(U— f~(F)) C
V — F hence F(H) CV — F. Thus V — F is NW g#closed subset of (V, 74 (Y)).
Therefore f(H) is NWg# closed in (V, 74 (Y')). The image of every nano closed
set in (U, 7r(X)) is NWg# closed in (V, 75 (Y)). Hence f is NWg# closed map
in nano topological spaces.

Theorem 3.18. If f: (U, 7r(X)) = (V,7r(Y")) is nano closed map and
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g: (Vo (V) = (W, 5 (2))) is a NWg# closed map then their composition
gof - (U, mr(X)) = (W, 5 (Z)) is NWg# closed map.

Proof. Assume that f is nano closed map and g is a NWg# closed map. Let
A be a nano closed set in (U, 7g(X)). Since f is nano closed map, f(A) is nano
closed set in (V, 7r(Y")) for every nano closed set A in (U, 7r(X)). Since g is NW g#
closed map, g(f(A)) is NWg# closed in (W, 75/ (Z)). Then gof(A) = g(f(A)) is
NW g# closed set in(W, 7+ (Z)). Hence gof is NW g# closed map in nano topo-
logical spaces.

Theorem 3.19. A map f: (U, (X)) — (V,7(Y)) is NWg# closed map if and
only if NWg# cl(f(A)) C f(Ncl(A)) for every subset A of (U, mr(X)).

Proof. Suppose that f is NWg# closed set and A C (U, 7g(X)). Then f(Ncl(A))
is NWg# closed map in (V,7r(Y)). Also we have f(A) C f(Ncl(A)). Since A is
NW g# closed if and only if NWg#cl(A) = A and for any two subsets A and
B of (U (X)) if A C B then NWyg#cl(A) C NWg#cl(B), NWg#cl(f(A)) C
NW ghtel(f(Nel(A)) = F(Nel(4)).

Conversely let A be any nano closed set of (U, 7gr(X)). Thus A = Ncl(A), now
f(A) = f(Ncl(A)). By assumption NWg#cl(f(A)) C f(Ncl(A)) for every subset
A of (U,mr(X)). Then f(A) = f(Ncl(A)) D NWy#cl(f(A)). Therefore f(A) =
NWg#cl(f(A)) that is f(A) is NWg# closed in (V,7r(Y)) . Hence the map f is
NW g# closed map.

Theorem 3.20. Let f : (U, 7r(X)) = (V.7 (Y)) and g : (V75 (Y)) = (W, 15+ (2)
be two mappings such that their composition g o f : (U, mr(X)) = (W, 1z (Z) is
NW g# closed . Then the following statements are true

(i) If f is nano continuous and bijective then g is NW g# closed map.

(i) If g is NW g# irresolute and bijective then f is NW g# closed map.

Proof. (i) Suppose that f is nano continuous. Let A be nano closed subset of
(V,7w(Y)). Since f is nano continuous, f~'(A) is nano closed in (U, 7x(X))).
Since g o f is NWg# closed, g o f(f~1(A)) is NWg# closed in (W, 75 (Z)). That
is g(A) is NWyg# closed in (W, 75/ (Z)). Also f is bijective. Hence g is NW g#
closed map.

(i) Let B be a nano closed set of (U, 7r(X)). Since g o f is NW g# closed, g o f(B)
is NW g# closed in (W, 75 (Z). Also g is NW g# irresolute g~ (g o f(B)) is NW g#
closed in (V, 7 (Y)). That is f(B) is NWg# closed in (V, 74 (Y)). Since g is bi-
jective, f is NW g# closed map.

Remark 3.21. Let the mapping f : (U, 7r(X)) = (V.75 (Y))) be a NWg# closed

map and let g : (V, 7 (Y)) = (W, 7z (Z) be a nano closed map then their compo-
sition need not be a NW g# closed map as it seen from the following example.
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Example 3.22. Let U = {a,b,¢,d} with U/R = {{a},{d},{b,c}} and X =
{a,c} then the Nano topology 7r(X) = {U, ®, {a}, {b, c},{a,b,c}} and 75:(X) =
{U,®,{b,c,d},{a,d},{d}}. The NWg# closed sets are {®,U,{b,c,d},{a,b,d},
{a,c,d}, {a,d},{b,d},{c,d},{d},{c}, {b}}. Let V = {z,y,2,w} with V/R'(Y) =
{{y}, {w}, {z, z}} and Y = {x, y} then the nano topology 7 (V) = {V, ®,{y}, {z, z}
Az, y, 2z} and 7 (YY) = {D,V, {z, z,w}, {y, w}, {w}}. The NW g# closed sets are
{V,®,{z}, {w}, {2}, {z,w}, {z,w}, {y,w},{z, z,w}, {z,y,w}, {y, z,w}. Define the
bijective function f : (U, (X)) — (V,7x(Y) by f(a) = z, f(b) =y, f(c) = 2,
and f(d) = w. Then f(U) =V, f(®) =, f(d) = w, f(a,d) = {z,w}, f(b,c,d) =
{y, z,w}. Thus for every nano closed set in (U, 7g(X)) its image is NW g# closed
set in (V,75)(Y). Hence f is NWg# closed map. Let W = {p,q,r, s} with
W/R'(Z) = {{p},{r},{g,s}} and Z = {p,q} then the nano topology T (W) =
{(W, @, {p},{q, s}, {p, ¢, s}} and TR"“(Z) = {®, W, {q, 7,5}, {p,r}, {r}}. The NW g#
closed sets are {W, @, {q},{r}, {s}, {p,r}, {r, s}, {q, v}, {p. ¢, v}, {p, 7, s}, {q, 7, 8} }.
Define the bijective function g : (V,75(Y)) = (W, 7z (Z)) by g(x) = ¢,9(y) =
p,9(2) = s, and g(w) = . For every nano closed set in(V, _ (Y)),g(V) = W, g(®) =
O g(w) = r,gy,w) = {p,r},g9(x,z,w) = {q,r,s} which are nano closed set
in (W, 74/(Z)). Hence g is nano closed map. Now consider the composition of
two maps (g o f) @ (U,mr(X)) = (W,7x/(Z)). Now (g o f)(d) = {r}. But
(g o f)la,d) = {q,r} and (g o f)(b,c,d) = {p,r,s} which are not NW g# closed
in (W, 75/(Z)) for the nano closed sets {a,d} and {b,c,d} in (U, 7g(X)). Hence
(g o f) need not be NW g# closed map in nano topological spaces.

4. Nano Weakly g# Open Maps In Nano Topological Spaces

Definition 4.1. A map f : (U, 7r(X)) = (V, 75 (X)) is said to be Nano Weakly
g# open map if the image of every nano open set in (U, Tr(X)) is NW g# open in
(V.rp (Y))

Theorem 4.2. Let (U, 7r(X))and(V, 75 (Y)) be two nano topological spaces and if
f U tr(X)) = (V. (Y)) then every nano open map is NW g# open map but
not conversely.

Proof. Let f: (U,7r(X))) = (V.7 (Y)) be a nano open map. Every nano open
set A in (U, 7r(X))), f(A) is nano open in (V, 74 (Y")). Since every nano open set
is NW g# open. Thus f(A) is NWg# open set in (V, 75(Y)) for every nano open
set A in (U, 7r(X)). Hence the map f is NW g# open map.

The converse of the above theorem is not true as seen from the following
example.

Example 4.3. Let U = {a,b,¢,d} with U/R = {{a},{c},{b,d}} and X = {a,b}
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then the nano topology 7r(X) = {U, @, {a}, {b,d},{a,b,d}}. The NW g# open sets
are {®,U, {a,c,d},{a,b,d},{a,b,c}, {a,d},{a,b}{b,d},{d},{b},{a}} Let V = {z,
y, z,w} with V/R = {{z},{y},{z,w}} and Y = {z, 2} then the Nano topology
T (Y)) ={V,®,{z}, {7z, w}, {z, 2z, w}}. The NWg# open sets are {V, ®,{z}, {z},
{w}, {z,w}, {z,w},{z, 2}, {z, z,w}, {x,y,w}, {z,y,z}}. Define f : (U,7r(X)) —
(V7 (Y)) by f(a) = w, f(b) =z, f(c) =y, f(d) = 2. The map f is NW g4 open
map. But f(a) = {w}, f(b,d) = {z, 2z} which are not nano open in (V, 75 (Y)).
Hence f is not nano open map.

Theorem 4.4. Let (U, (X)) and (V, 7 (Y))) be two nano topological spaces and
if f:(Umr(X)) = (V, 75 (Y)) then every nano regular open map is NW g# open
but not conversely.

Proof. Let f : (U, mr(X)) — (V,7x(Y)) be a nano regular open map. Every
nano open set A in (U, 7r(X)), f(A) is Nano regular open in (V, 74 (Y)). Since
every nano regular open set is NWg# open. Thus f(A) is NWg# open set in
(V, 7 (Y)) for every nano open set A in (U, 7r(X)). Hence the map f is NW g#
open map.

The converse of the above theorem is not true it is proved by the fol-
lowing example.

Example 4.5. In example 4.3. The Nano regular open sets of (V, 75 (Y
{V,®,{z,w},{x}}. Define f : (U, mr(X)) = (V,7p(Y)) by f(a) = =, f
z, f(c) =y, f(d) = w. The map f is NWg# open map. Here f(a) = {z}, f(b,d) =
{z,w} and f(a,b,d) = {x, z, w} which are not nano regular open sets of (V, 7 (Y')).
Hence the map f is not nano regular open map.

Theorem 4.6. Let (U, 7r(X))and(V, 75 (Y)) be nano topological spaces and if
[ U, tr(X)) = (V, 7 (Y)) then every nano o open map is NW g# open map but
not conversely.

The proof is similar to the proof of theorem 4.4.

The converse of the above theorem is not true it is proved by the fol-
lowing example.

Example 4.7. In example 4.5. The nano « open sets of (V, 7 (Y)) are {V, @, {z},
{z,w},{z, z,w}} and the function f is NWg# open map. But f(a) = {z}, f(b,d) =
{z,w} are not nano a open sets of (V, 7 (Y)). Therefore the map f is not nano o
open map.

Theorem 4.8. Let (U, (X)) and (V, TR/(Y)) be nano topological spaces and if
f (U tr(X)) = (V,Tx(Y)) then every nano ga open map is NW g# open map
but not conversely.
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The proof is similar to the proof of theorem 4.4.
The converse of the above theorem is not true it is proved by the fol-
lowing example.

Example 4.9. Let U = {a,b,¢,d} with U/R = {{a},{c},{b,d}} and X = {a,b}

then the Nano topology 7r(X)) = {U, ®,{a},{b,d},{a,b,d}}. The NWg# open

sets are {®, U, {a,c,d},{a,b,d},{a,b,c},{a,d},{a,b},{b,d},{d},{b},{a}} Let V =
{z,y, z,w} with V/R = {{z},{z}, {y,w}} and Y = {y, w} then the Nano topology

T (Y)) ={V,®,{y,w}}. The NWg# open sets are {V, @, {z}, {y}, {2}, {w}, {z, y},
{y, 2}, {z, w}, {y,w}, {z,w}, {x,y, 2}, {x, z,w}, {z,y,w},{y, z,w}. Nano ga open

sets are {V, @ {z} {y}, {2}, {w} {z,y} {y, 2}, {z, v} {y, w} {z, v} {z,y, w} {y,

2w} Define f : (U, 7r(X)) > (V,1(V) by £(a) = 2, f(5) = 2, £(c) = g, f(d) =

w. The map f is NWg# open map but f(a,b,d) = {z, z,w} which is not nano ga

open set of (V, 7 (Y')). Hence the map f is not Nano ga open map.

Theorem 4.10. Let (U, (X)) and (V, 7 (Y)) be two nano topological spaces and
if f (U, mr(X)) = (V.7 (Y)) then every nano ag open map is NW g# open map
but not conversely.

The proof is similar to the proof of theorem 4.4.

The converse of the above theorem is not true it is proved by the fol-
lowing example.

Example 4.11. In example 4.9. The nano ag open sets of (V,7,(Y)) are
{V. @, {z}, {y}, {=} {w} {z, y}, {v. 2}, {z, v}, {y, w}, {z, w} {z,y, w}, {y, 2, w}}.
The map f is NWg# open map but f(a,b,d) = {x,z,w} which is not nano ag
open set of (V, 7 (Y')) for the nano open set {a, b, d} of (U, 7g(X)). Hence f is not
nano g open map.

Theorem 4.12. Let (U, (X)) and (V, 75 (Y)) be nano topological spaces and
if (U, mr(X)) = (V, 7 (Y)) then every nano generalized open map is NW g#
open map but not conversely.

The proof is similar to the proof of theorem 4.4.

The converse of the above theorem is not true it is proved by the fol-
lowing example.

Example 4.13. In example 4.9. The nano generalized open sets of (V, 75 (Y)) are

{V, @ {z}, {y}, {z} {w} {z, v} {y, 2}, {7, wh {y, wh, {z, w} {z, y, 0} {y, 2, 0}
The map f is NWg# open map. Now f (a,b,d) = {z,z,w} which is not nano
generalized open set of (V, 74 (Y)) for the nano open set {a,b,d} of (U, 7r(X)).
Hence the map f is not Nano generalized open map.

Theorem 4.14. Let (U, (X)) and (V, 75 (Y)) be two nano topological spaces and
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if (U, mr(X)) = (V.7 (Y)) then every NW g# open map is Ngs open map but
not conversely.

Proof. Let f: (U, 7r(X)) = (V, 75 (Y)) be a NW g# open map. Then every nano
open set A in (U, 7r(X)), f(A) is NWg# open in (V, 7 (Y)). Since every NW g#
open set is Ngs open. Thus f(A) is Ngs open set in (V,7,(Y)) for every nano
open set A in (U, 7r(X)). Hence the map f is Ngs open.

The converse of the above theorem is not true proved by the following
example.

Example 4.15. Let U = {a, b, c,d} with U/R = {{a}, {c},{b,d}} and X = {a,b}
then the Nano topology 7r(X) = {U, ®,{a},{b,d},{a,b,d}} which are Nano open
sets. Let V = {z,y, z,w} with V/R = {{y}, {w}, {z,2}} and Y = {x, y} then the
nano topology 7 (Y) = {V,®,{y},{z, 2z}, {x,y,2}}. The NWg# open sets are
(V. @, {}, {y}, {z} {,y} {y, 2} {w, 2}, {2y, 2, {z,y,wh {y, 2,0} ). Ngs open
sets are {V, @, {x}, {y}, {z}, {z,y}, {v, 2}, {2, 2}, {y, w} {2, 2, w}, {y, z, 0}, {=z, v,
w}}. Define f 2 (U, 7r(X)) = (V.7 (Y)) by fla) =z, f(b) = w, f(¢) = 2, f(d) =
y. The map f is Ngs open map. But f(b,d) = {y,w} is not NWg# open set of
(V, 7 (Y)). Hence the map f is not NW g# open map.

Theorem 4.16. Let (U, (X)) and (V, 7y (Y)) be nano topological spaces and if
[ (U tr(X)) = (V.7 (Y)) then every NW g# open map is Nsg open map but
not conversely.

The proof is similar to the proof of theorem 4.14.

The converse of the above theorem is not true proved by the following
example.

Example 4.17. In example 4.15. Nsg open sets are {V, ®, {z},{y},{z},{z, v},
{y, z}, {z, 2z}, {y, w}, {z, z,w},{y, z,w},{z,y,w}}. The map f is Nsg open map
But f(b,d) = {y,w} is not NW g# open set of (V, 7, (Y)). Hence the map f is not
NW g# open map.

Theorem 4.18. Let (U, (X)) and (V, 7y (Y)) be nano topological spaces and if
[ (U tr(X)) = (V7 (Y)) then every NW g# open map is Ngsp open map but
not conversely.

The proof is similar to the proof of theorem 4.14.

The converse of the above theorem is not true proved by the following
example.

Example 4.19. In example 4.15. The nano gsp open sets are {V, ®,{z}, {y}, {z},

{z,y} Ay, 2} {z wh {y, wh Az, wh {z, 2}, {7, y, 2}, {z, 2, w}, {2, y, wh, {y, 2, w}}.

The map f is Ngsp open map. But f (b,d) = {y,w} is not NWg# open set
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of (V, 7 (Y)) for the nano open set {b,d} of (U, 7r(X)). Hence the map f is not
NW g# open map.

Theorem 4.20. Let (U, (X)) and (V, 75 (Y)) be nano topological spaces and if
f (U tr(X)) = (V,Tg(Y)) then every NWg# open map is N3 open map but
not conversely.

The proof is similar to the proof of theorem 4.14.

The converse of the above theorem is not true proved by the following
example.

Example 4.21. In example 4.13. The N open sets are {V, ®, {z},{y}, {2z}, {z, v},
{y? Z}? {Z7 w}7 {y? w}’ {I7 w}7 {‘/I;7 Z}7 {‘/IJ7 y7 Z}? {x7 Z7 w}7 {:'U7 y? w}? {y7 'Z7 w}}‘ The map
fis NG open map. But f(b,d) = {y,w} is not NWg# open in (V, 7 (Y)) for the
nano open set {b,d} of (U, 7r(X)). Hence the map f is not NWg# open map.

Theorem 4.22. For any bijective function f : (U, mr(X)) = (V.75 (Y)) the fol-
lowing statements are equivalent.

(@) f: (Ve (V) = (U, mr(X)) is NWg# continuous.

(i) f is NWg# open map.

(111) f is NWg# closed map.

Proof. (i) = (i¢) Assume that f~: (V75 (Y)) = (U,7r(X)) is NWg# continu-
ous and let K be a nano open set of (U, 7(X)).By assumption (f~1)"1(K) = f(K)
is NW g# open set in (V, 74 (Y)). Hence f is NW g# open map.

(1) = (i7i) Let G be a nano closed set of (U,7gr(X)). Then G° is nano open
in (U,7r(X)). By assumption f(G°) is NWg# open set in (V,74(Y)). Then
f(G°) = (f(G))° is NWg# open set in (V,75(Y)). Therefore f(G) is NWyg#
closed set in (V, 7, (Y)). Hence f is NW g# closed map.

(13i) = (i) Let F' be a nano closed set in (U, 7g(X)). By assumption f(F') is
NWg# closed in(V, 7 (Y)). But f(F) = (f~1)"Y(F). Therefore f~' is NWg#
continuous on (V, 75 (Y)).

5. Conclusion

The nano open sets and nano closed sets play a very prominent role in nano
topology and its applications. Indeed, a real significant theme in nano topology.
The importance of nano topological spaces rapidly increases in both the pure and
applied mathematics. In this paper we introduced and investigate the notions of
new classes of maps Nano Weakly g# open maps and Nano Weakly g# closed maps
in nano topological spaces. The relation with their neighbor maps were discussed.
Furthermore, the work was extended as Nano weakly g# homeomorphisms in nano
topological spaces.
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